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We experimentally demonstrate that a processing delay, a finite response time, in the coupling can revoke the stability of the stable steady states, thereby facilitating the revival of oscillations in the same parameter space where the coupled oscillators suffered the quenching of oscillation. This phenomenon of reviving of oscillations is demonstrated using two different prototype electronic circuits. Further, the analytical critical curves corroborate that the spread of the parameter space with stable steady state is diminished continuously by increasing the processing delay. Finally, the death state is completely wiped off above a threshold value by switching the stability of the stable steady state to retrieve sustained oscillations in the same parameter space. The underlying dynamical mechanism responsible for the decrease in the spread of the stable steady states and the eventual reviving of oscillation as a function of the processing delay is explained using analytical results. Published by AIP Publishing. Oscillation quenching is such a fascinating emerging behavior, whereby the interaction between oscillatory units ceases the oscillations to exist. Phenomenologically, amplitude death (AD) and oscillation death (OD) have been clearly distinguished as two distinct types of oscillation quenching. The mechanisms which have the tendency to induce oscillation quenching are prevalent in many natural systems. However, in various realistic circumstances, several phenomena very often involve oscillations, and hence, the quenching of oscillations in many natural systems is undesirable, which needs to be circumvented for their sustained evolution. In addition, despite the ubiquity of the conditions conducive to the onset of AD/OD, several natural systems retain their sustained oscillations. For instance, internet can fail for some finite time after a severe attack and then, after a period of time, recover. A human brain is capable of recovering spontaneously after an epileptic attack. A traffic network returns to its normal state after a period of gridlock. A financial network may, after a period of time, recover after having a large fraction of its constituents fail. Thus, it is also inevitable to unravel the underlying dynamical mechanisms that are responsible for the sustained oscillations of many natural systems and manmade networks.
Here, we will demonstrate experimentally using two different prototype nonlinear electronic circuits that their natural dynamics can be revived, after their dynamical activity ceases to exist irreversibly, by the introduction of a processing delay in the coupling. Further, our analytical results clearly reveal the dynamical mechanisms of the curtailing effect of the processing delay on the spread of AD/OD regions, which finally result in the reviving of oscillations in the AD/OD regions above a threshold value of the processing delay.
Coupled nonlinear oscillators have been extensively employed in understanding various complex collective phenomena in diverse natural systems. [1] [2] [3] [4] [5] Quenching of oscillations 6, 7 is such an emergent behavior in coupled oscillators, where the oscillators drive each other to stable equilibrium/equilibria under coupling. This phenomenon was evidenced first as an unexpected silencing of two side-byside organ pipes 8 and was later observed in chemical reactions, 9 neural oscillators, 10 lasers, 11 electronic circuits, 12, 13 etc. Phenomenologically, two distinct classes of oscillation quenching have been classified-amplitude death (AD) and oscillation death (OD)-depending on whether the coupled oscillators populate the homogeneous steady state (HSS) or a)
Electronic mail: skumarusnld@gmail.com the different branches of the inhomogeneous steady state (IHSS), respectively. Recent investigations are centered at the identification of AD-OD transitions. [14] [15] [16] [17] [18] Despite a few applications of AD/OD, [19] [20] [21] their onset deteriorates the degree of performance of several real world systems, where sustained oscillations should be retained for their evolution, and can result in cascading failures leading to a complete collapse, for instance, extinction of species in ecological network, gridlock in traffic network, market crashes in financial network, and a large-scale power blackout. Hence, the emergence of AD/OD in such systems should be evaded in their own parameter space despite prevalence of the conditions conducive to their onset.
Efforts have been made to revive oscillations of the coupled networks after their dynamic activities cease to exist irreversibly. [22] [23] [24] [25] 27 Recently, a processing delay, a finite time required to process the information received at the interface, in the coupling is shown to effectively annihilate the onset of AD/ OD. 25 This is in sharp contrast with the effect of propagation delay, a finite time required for the signal propagation from one node to the other due to their spatial separation, which has the tendency to induce AD 26 in coupled identical oscillators. Thus, the processing delay can compete with the quenching effects of the propagation delay in switching the stability of the stable steady states above a critical value. Indeed, it was clearly shown that, in Ref. 25 , the processing delay is capable of retrieving the oscillations from the AD state induced by the propagation delay. 26 It is interesting to note that the effect of processing delay is counter-intuitive to the quenching effects of the propagation delay. Signals/information in almost all technological networks such as computer server, communication networks, traffic networks, automated logistic networks, and routers are processed essentially by appropriate oscillatory circuits. In particular, in neuroscience, the electronic-neural cell hybrids have been used to investigate the collective behavior of neural oscillators, such as central pattern generators. 28 As the emergence of AD/OD in such circuit systems is not always desirable for their proper functioning, experimental realization of the reviving of oscillations in the AD/OD parameter space using electronic circuit systems is of vital importance because of their immense potential applications.
In this paper, we will experimentally demonstrate that the processing delay in the coupling can annihilate the onset of AD/OD by switching the stability of the stable HSS (AD) and IHSS (OD) using analog electronic circuits of van der Pol (VDP) oscillators exhibiting limit-cycle oscillations and Sprott systems representing chaotic oscillators. Recently, diverse bifurcation scenarios pertaining to the transition from AD to OD in these systems are unveiled under repulsive links. 16 We consider the same parameter space of the AD-OD transitions in the two coupled VDP and Sprott oscillators, respectively, to experimentally demonstrate that the processing delay can effectively evoke oscillations from both AD and OD regions. First, we consider two diffusively coupled VDP oscillators
where i; j ¼ 1; 2; i 6 ¼ j, b is the system parameter, e ¼ e 1 is the coupling strength, e 2 ¼ 0 represents the unidirectional repulsive link, and d is the processing delay, which is the time taken by the node y 1 to process the information y 2 reached y 1 prior by d and vice versa in the diffusive coupling. We have fixed N ¼ 2 in our present investigation. The analog electronic circuit of the coupled VDP oscillators (1) and the corresponding dynamical equations are provided in Ref. 30 . For e ¼ 0, the origin is the unstable fixed point of each VDP oscillator exhibiting limit-cycle oscillations. The coupled VDP oscillators, Eq. (1), have two fixed points
The origin is the HSS, where both oscillators populate resulting in AD for appropriate coupling, while the other two fixed points contribute to the IHSS, where the two oscillators populate the different branches of the IHSS resulting in OD for suitable e.
Snapshots of the evolution of the coupled VDP oscillators, as observed experimentally in the oscilloscope, are depicted in Fig. 1 for b ¼ 0.5. The stable HSS is seen in Fig. 1 from AD to OD occurs at the critical coupling strength e c ¼ 2:0 via a pitchfork bifurcation (see Fig. 2 ). The existence of the stable IHSS is clearly visualized in Fig. 1(b) for e ¼ 2:5 until d ¼ 0, and the oscillations are revived immediately as soon as an appropriate processing delay d ¼ 0:4 is introduced.
The dynamics of the coupled VDP oscillators observed experimentally in a range of the system parameter b 2 ð0; 1Þ and the coupling strength e 2 ð0; 3Þ depicting the spread of the stable HSS (checked region) and the stable IHSS (filled region) is shown in Fig. 2(a) for different values of the processing delay d. The entire checked and the filled area corresponds to AD and OD, respectively, for d ¼ 0, while the empty space corresponds to oscillatory regimes. It is clearly evident from Fig. 2(a) that the spread of AD/OD rapidly decreases upon increasing the processing delay and eventually erased completely above d c resulting in the revival of oscillations in the AD/OD parameter space by switching the stability of the stable HSS/IHSS. The OD region is wiped off above d c ¼ 0:34, while the stable HSS completely losses it stability above d c ¼ 0:46. Thus, the presence of even a small processing delay is capable of overcoming the quenching effects in retaining the sustained oscillations of the coupled systems.
By performing a linear stability analysis around the fixed points, for d ¼ 0, the stability condition for the HSS to be stable is obtained as b < e < 
The stability of the HSS/IHSS is changed if the eigenvalue k ¼ a þ ib of the characteristic equation crosses the imaginary axis k ¼ ib. Thus, the oscillations are revived from AD/OD via a Hopf bifurcation as a surpasses zero from a < 0. The critical stability curves d c ðeÞ of the HSS can be deduced as
where To gain further insights on the curtailing effect of the processing delay on the spread of the AD/OD regions below d c , we consider a rather general two coupled dynamical systems _ 
where i; j ¼ 1; 2; i 6 ¼ j, a is the system parameter, e ¼ e 2 ¼ j 1 is the coupling strength, e 1 ¼ j 2 ¼ 0 contributes to the repulsive link, and d is the processing delay. We have fixed N ¼ 2. The analog electronic circuit corresponding to system (3) and their evolution equations can be found in Ref. 30 . The origin is the only unstable fixed point of the uncoupled system exhibiting chaotic oscillations for a wide range of a. In addition to the trivial fixed point at the origin, Eq. (3) has a nontrivial fixed point x
The origin is the HSS of the coupled system, while the other fixed point attributes to the IHSS.
Time evolution of the Sprott circuit systems is shown in Fig. 3 for a ¼ 0.225 and for different values of e and d. The stable HSS is depicted in Fig. 3(a) for e ¼ 0:25 until d ¼ 0. The oscillations are revived instantaneously for the same coupling upon introducing the processing delay d ¼ 0:59 at the instant indicated by the arrow. For the coupling strength e ¼ 0:75, the Sprott circuit systems exhibit the stable IHSS in the absence of the processing delay as shown in Fig. 3(b) , which also elucidates that the oscillations are retrieved immediately for d ¼ 0:59 even for the strength of the coupling conducive to onset of OD when d ¼ 0. As the transition to death and reviving of oscillations from death are through a reverse Hopf and a Hopf bifurcations, respectively, the chaotic oscillations become limit-cycle oscillation through a reverse period-doubling just before death, and so the retrieved oscillations will also be periodic near d c .
The two parameter phase diagram of the Sprott circuit systems as a function of e 2 ð0; 1Þ and a 2 ð0:1; 0:4Þ is shown in Fig. 4(a) 2 . Now, to elucidate the effect of the processing delay, the critical curves in the presence of d are determined after expanding e Àkd term in the characteristic equation of the coupled Sprott oscillators. 30 The critical stability curves for both AD and OD are depicted in Fig. 4(b) for different values of the processing delay d ¼ 0; 0:6; 0:7, and 0.8. It is evident that the spread of AD/OD islands decreases for increasing d and completely eroded above a critical value d c ¼ 0:86 by switching the stability of the stable HSS and IHSS to revive the oscillations in the AD/OD regions confirming the experimental results in Fig. 4(a) . In summary, we have experimentally demonstrated the effect of processing delay using analog electronic circuits of two coupled VDP and Sprott oscillators exhibiting limit cycle and chaotic oscillations, respectively. It has been shown that the processing delay is capable of shrinking the AD/OD regions and can eventually completely wipe off the AD/OD regions by switching the stability of the stable HSS/ IHSS above a critical value. The phenomenon of reviving of oscillation is demonstrated in both the coupled VDP and Sprott circuit systems in the parameter space where AD to OD transition occurs as a function of the coupling strength. We have also obtained the analytical critical curves encompassing the stable HSS/IHSS as a function of the processing delay. Our analytical results also corroborate the effect of the processing delay in annihilating the onset of stable HSS/ IHSS above a critical value of d. The robustness of the phenomenon of reviving of oscillations by the processing delay is also verified for N ¼ 100 oscillators in both the coupled VDP and Sprott oscillators using simulations. Thus, the presence of even a small processing delay in the coupling results in retaining the natural rhythms of real world systems. The processing delay is particularly predominant in networks with large hubs and may be responsible for their dynamic robustness despite the presence of the couplings that can facilitate the onset of quenching of oscillations. We firmly believe that our results will open up the possibility of designing more robust technological networks, human-machine interfaces, etc., by the introduction of the processing delay in their circuit architecture. 
